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ABSTRACT: By combining the self-consistent-field (SCF) model and a reptation model, we propose a
unified molecular model to explicitly account for dynamics of chain conformation in studying fast polymeric
fluid flows in which the polymer chains can be severely stretched and the fluid can even become
inhomogeneous. In the governing equations of the unified model, we directly couple the probability
distribution function P(u;s,r) of the tangent vector u = dR(s)/ds at the sth segment at position r, with
the statistical weight, Q(s,r;s',r"), of the subchain between sth and s'th segments at the positions of r and
r', respectively. The polymeric stress responses under flow condition can be readily calculated from the
second moment of P(u;s,r), A(s,r) = liul= fuuP(u;s,r) du. The model was first validated in homogeneous
simple shear flow. The quantitative agreements between the polymeric stresses evaluated by this novel
method and the results of the reptation theory have been found. The model was then tested in a case
study of grafted polymer melt brushes under strong shear flow. Our results demonstrate that the unified
model provides a very promising way for modeling highly nonlinear polymer fluid flow, and it can also
overcome the difficulty of the standard SCF technique when it is applied to highly nonequilibrium systems.
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1. Introduction

Although viscoelasticity is one of the central issues
of dynamics of dense polymers, it has mainly been
studied for uniform systems.! There are, however, many
examples of viscoelastic behavior in inhomogeneous
systems. One example is the viscoelastic phase separa-
tion, where the conformation of polymer chain is de-
formed by an internal flow field that is caused by the
inhomogeneity in the segment density distribution.?
Another example is the slippage of polymer brushes
grafted onto a solid surface.>* When we impose a shear
deformation on two parallel solid plates each of which
is covered by a grafted polymer brush, the chains are
strongly stretched due to entanglements, which leads
to a modification of the friction between the plates. The
essential point in these viscoelastic phenomena is the
combination of the spatial inhomogeneity and the
strongly stretched chain conformation. Traditionally,
these two characters have been theoretically treated
rather separately. The inhomogeneous structure can be
guantitatively analyzed with the self-consistent-field
(SCF) technique,>® which accounts for the conforma-
tional entropy of the polymer chains explicitly. On the
other hand, the dynamics of strongly stretched chains
that are mutually entangled has been well described by
the reptation theory,! which approximates the entangled
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polymer chains by a single primitive chain confined in
a tube. Although both of these theoretical treatments
are successful, there have been very few theoretical
works that intend to treat the spatial inhomogeneity
and the dynamics of entangled polymers simulta-
neously. Most of the existing dynamical extensions of
the SCF method”~12 are essentially based on the local
equilibrium assumption of the chain conformation under
the given segment density distributions. However, such
an assumption cannot be justified for strongly stretched
chains, for which the segment density distributions are
not enough to specify the state of the system.

In this article, we propose a complete description of
our new SCF techniquel®4 that can be applied to
inhomogeneous polymer systems where chains are
strongly stretched. Our model is a combination of the
SCF technique and the reptation theory, where the
anisotropy in the distribution of the tangent vectors is
taken into account. Such a use of the tangent vector
distribution function is originally proposed by Maurits,
Zvelindovsky, and Fraaije in their formulation of the
dynamic SCF technique.® Very recently, some other
groups started to use similar techniques.'617 Fredrick-
son combined the two fluid model and the SCF tech-
nique to simulate the dynamics of polymer solutions.®
Milhailovic, Lo, and Shnidman extended the SCF theory
by combining it with the dumbbell model that accounts
for the Rouse dynamics.’” While these dynamic SCF
theories by the other groups are aimed to model dilute
polymer solutions and mixtures, the present theory is
for modeling dense polymer mixtures where the en-
tanglement effect is very important.
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2. Model

Let us consider a melt of a linear homopolymer
composed of N segments of size a. For simplicity, we
assume that this segment size a is equal to the tube
diameter that characterizes the reptation theory.! Note
that the tube diameter is usually much larger than the
persistent length of polymer chain. We use a continuum
description of the chain by introducing an index s (0 <
s =N) to specify each segment and denote the position
of the sth segment as R(s). Then, the chain conformation
is characterized by two probability distribution func-
tions. One is the probability distribution function P(u;s,r)
of the tangent vector u = dR(s)/ds at the sth segment
at position r, and the other is Q(s,r;s',r") which is the
statistical weight of the subchain between sth and s'th
segments that are fixed at r and r’, respectively.1%8 This
statistical weight Q(s,r;s’,r') is also called “path integral”
or “propagator” and accounts for the conformation of the
course-grained chain.

As the tangent vector u connects adjacent segments,
its probability distribution function P(u;s,r) is related
to the statistical weight Q(s,r;s',r'"). Such a relation is
obtained by following the standard technique.l®> We
adopt the mean-field approximation, where a tagged
chain in a dense polymer solution is modeled as an ideal
chain in an external potential field (mean field) V(r)
imposed by the other chains. Because of the self-
consistency requirement described later, this external
potential V(r) is called the self-consistent field. Using
the canonical ensemble of temperature T, the statistical
weight of the conformation Q(s,r;s',r') is given by

Qs ris.r) = [{r(s)} exp —kBiT{ [fvrs) dst| (@)

where f6{r(s)} means a sum over all possible chain
conformations that are consistent with the probability
distribution of the tangent vectors P(u;s,r), and kg is
the Boltzmann constant. The ideal chain statistics of
the chain conformation requires the following Chap-
man—Kolmogorov relation:

Q(s',r';s+1,r) = fdr” Q(s',r';s,r'") Q(s,r';s + 1,r)
= fdr” Qs',r';s,r'") x
P(r _ ru;S,r)e*V(l’)/kBT (2)
By assuming that the characteristic length scale of the
spatial variation of the self-consistent field V(r) is large
enough compared to the segment size, we expand the

right-hand side around r" = r and, retaining up to
second order in r'" — r, then obtain

9 oy Lo, ol P
gQ(s,r,s )= EVV.{A(s,r) Q(s,r;s',r')}

v-{G(s.r) Q(s.ris )} — kBiTvm Qs.rs.r) 3)

where the vector G(s,r) = (U,(s,r)) and the tensor A(s,r)
= (Aw(s,r)), where x and v indicate the Cartesian
coordinates x, y, and z, are the first and second moments
of P(u;s,r) defined by

a(s,r) = Wil= fuP(u;s,r) du (4)

and
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A(s.r) = WuC= [uuP(u;s,r) du (5)

and we also used the abbreviation

(ALQ)
UY=Xy,2 1%

The anisotropic second-order derivative on the right-
hand side of eq 3 arises from the anisotropic distribution
of the tangent vector u. At equilibrium, eqs 4 and 5
follow Gaussian chain statistics, and hence the usual
SCF equation for Q(s,r;s',r') can be recovered from eq
3. However, under flow or highly nonequilibrium condi-
tions, all the variables in the above equations including
P(u;s,r) and Q(s,r;s',r') are time-dependent, and we
assume that the conformation distribution Q(s,r;s',r’)
follows the orientation distribution of the tangent vec-
tors P(u;s,r) at any instance, i.e., adiabatic approxima-
tion. It is justifiable as P(u;s,r) describes the slowest
dynamic processes of the system, and also there is a
clear time scale separation between the reptation time
and the Rouse time of the segments. Here we note that
these two quantities P(u;s,r) and Q(s,r;s’,r') can be
described in a unified way by introducing a generalized
two-point correlation function Q(s,r,u;s',r',u’) which is
the statistical weight of the conformations specified by
(s,r,u) and (s',r',u"). However, we intentionally separate
the quantities P(u;s,r) and Q(s,r;s',r') so that the as-
sumptions made on these quantities become clear. In
so doing, we do not lose any important information as
having the information on P(u;s,r), the two-point cor-
relation function Q(s,r,u;s',r',u’) can be constructed by
solving the path integral equation (3) under the given
A(s,r), Q(s,r), and V(r). We can therefore retain all the
necessary information.

In eq 3, the external potential field V(r) should be
determined in such a way that the segment density
distribution calculated using Q(s,r;s’,r") fits the incom-
pressible condition and the segment density profile
assumed in the potential field V(r). Because of this
reason, V(r) is called a self-consistent field.>~12 To
determine P(u;s,r), we have to consider the dynamical
processes of the chain. In dense polymer solutions and
polymer melts, the time evolution of the tangent vector
distribution function P(u;s,r) obeys the reptation dy-
namics. In the linear viscoelastic regime,! only the
thermal diffusive motion of the chain in a tube is
important. For a highly deformed polymer system, the
model must account for the following dynamical pro-
cesses: (1) advection of the segments due to the flow,
(2) deformation of the chain due to the external flow,
(3) thermal diffusion of the chain in the tube, (4) chain
retraction after a large deformation, (5) biased reptation
due to the inhomogeneity in the segment density, and
(6) constraint release (or double reptation). Recently,
several extensions of the original reptation theory by
including these processes have been proposed.t®—21
Those models are constructed by taking the chain
conformation and the total chain length as independent
dynamical variables. We here propose a rather simpler
model for P(u;s,r), in which the tensor A(s,r) describes
both the chain conformation and the total chain length
simultaneously.

The time evolution of P(u;s,r) is driven by the
dynamical processes 1—6 listed above. Let us assume
that the flow velocity field v(r) is externally given. (A
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way of self-consistent determination of v(r) will be given
later.) Under such a circumstance, the deformation of
the chain is described by the velocity gradient tensor
(Vv(r))T. Using this velocity gradient tensor, the time
evolution of P(u;s,r) is given by the following equation:

%P(u;s,r) = —V-[v(r) P(u;s,r)] +
aP(us,r).

au
a(s,r) fdu’ [i(u’;0,r) — j(u;N,n] (7)

where we did not show the time t explicitly in the
arguments of P(u;s,r).

The first, second, third, and fourth terms on the right-
hand side of eq 7 are the contributions from the
advection, flow deformation, reptation (including chain
retraction and biased reptation), and constraint release,
respectively. The contribution from the flow velocity, i.e.,
the second term, originates from the change in the
distribution of the tangent vector u due to the external
deformation described by the velocity gradient tensor
(Vv(N)T.

The third term, the flux of the reptation current
j(u;s,r), is the probability flux due to the sliding motion
of the chain along the tube (i.e., the contour of the chain)
and is explicitly given as

(vu)"u — a%j(u;s,r) +

j(u;s,r) = =D, 8%P(u;s,r) + w(s,r) P(u;s,r) (8)

where D; is the one-dimensional diffusion constant of
the center of mass of the chain along the tube and w(s,r)
is the drift velocity of the sth segment at position r along
the tube. This drift velocity is composed of two contribu-
tions. One is the retraction of the elongated chain in
the tube. As the end-to-end distance of a deformed

segment is proportional to 4/trA(s,r), the drift velocity
of the sth segment is proportional to the gradient of this
local extension of the segment. The other contribution
to w(s,r) is the biased reptation caused by the spatial
inhomogeneity in the self-consistent field V(r). This
biased reptation mimics the chain motion in a tube,
which is driven by the gradient of the self-consistent
field.® Combining these two contributions, we obtain the
following expression for w(s,r):

3kgT
7 oo VIFA(s,r) +
a’c 9s

w(s,r) = —
l[u-W(r) + LA vwvn)] @)
ag| 2 T

where ¢ is the friction constant between a segment and
the tube. Here, we note that the biased reptation term
(i.e., the second term in eq 9) is approximated by the
first few terms in the gradient expansion of the self-
consistent field V(r). Such an approximation is consis-
tent with the treatment of the self-consistent field in
eq 3.

The last term on the right-hand side of eq 7 is the
contributions from the constraint release process.?! As
an entanglement point is sustained by a pair of chains,
when one of these two chains reptates out through the
entanglement point, it frees a part of the other chain
simultaneously. The rate of loss of the entanglements
is proportional to the flux of P(u;s,r) flowing out from
the both chain ends. The same amount of relaxation
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should take place on the other chain sharing the
entanglement. If the probability of finding an entangle-
ment point at the sth segment of a chain is a(s,r), the
relaxation due to the constraint release is given by the
fourth term on the right-hand sides of eq 7.

Equation 7 should be supplemented by appropriate
boundary conditions. Because the orientation of the
tangent vector at the both ends of the chain is com-
pletely free, P(u;s,r) should be the equilibrium isotropic
Gaussian distribution at a free end. On the other hand,
P(u;s,r) should satisfy (8/0s)P(u;s,r) = 0 at a grafted end
because there is no flux at the grafted end. These two
conditions determine the boundary conditions for eq 7.

It is worth to note that, in deriving eq 7, we used an
assumption that our polymer system is incompressible,
which is guaranteed by the self-consistent potential V/(r)
in eq 3. Under such an assumption, we can treat the
normalization constant of the probability distribution
P(u;s,r) to be everywhere constant. If the polymer
component is compressible, the normalization constant
has a spatial dependence, which produces some other
unimportant terms in eq 7.

By taking the first and second moments of eq 7 with
respect to u, we obtain the time evolution equations for
G and A as follows:

%D(s,r) = —V-[v(r) as,n)] + (W) T-a(sr) —
2150 + o500, 0,0 — JN)] (10)
and

%A(s,r) = —=V-[v(r) A(s,r)] + {(VV)T‘A(S,I’) +

A(sn)+ (W)} — E%J'A(S,IF) + a(s,N0a0.r) — ja(N.1]
11)

Equations 10 and 11 should be supplemented by the
boundary conditions

U(sy,r) =0and A(s,,r) =1 (if sy is a free end)

9a(s,r)/os|s_s, = 0 and 9A(s,r)/ds|—, = 0
(if sy is a grafted end) (12)

where 1 is the unit tensor and 0 is the zero vector/tensor.
The first, second, third, and fourth terms on the right-
hand side of eq 10 or of eq 11 account for advection, flow
deformation, reptation (including chain retraction and
biased reptation), and constraint release, respectively.18
The quantities jy(s,r) and ja(s,r) in the third terms on
the right-hand sides of eqs 10 and 11 are fluxes of the
vector 4(s,r) and the tensor A(s,r) along the tube. Their
explicit expressions are respectively

j,(s.r) = —D, a%u(s,r) twrasn  (13)
and
ja(s,r) = —D, a—asA(s,r) FwEnAGH  (14)

Once the statistical weight Q(s,r;s',r’) is calculated,
the local stress II(r) is obtained via the relation?
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3Kg

.
= ["AGs.r) ds — p(r)1 (15)

I(r) =

where kgT and p(r) are the Boltzmann constant times
temperature and the static pressure. Then, the time
evolution of the velocity field v(r) is determined by the
momentum conservation equation for the fluid. As is
usual for dense polymer solutions or polymer melts, we
neglect the contribution from the inertia (Stokes ap-
proximation), and we obtain

p %v(r,t) = V-TI(r 1) + £(r 1) (16)

where p is the total density of the fluid, and f(r,t) is the
volume force imposed by the inhomogeneity in the
segment density, such as the thermodynamic force
imposed by interfaces.

Equation 3 and eqs 10—16 form a closed set of time
evolution equations. In this formulation, the complex
non-Markovian character of the viscoelasticity origi-
nates from the memory of the flow history in the form
of a deformed chain conformations described by the
quantities Q(s,r) and A(s,r). Note that our formulation
can be applied to nonlinear viscoelasticity where the
chain is strongly and inhomogeneously deformed. There-
fore, our formulation can predict nonlinear viscoelastic
properties of polymer solutions and polymer melts based
on the architectures of the constituent polymer chains.

3. Simulations

To check the validity of our model, we conducted
several computer simulations on viscoelastic properties
of dense polymer systems using the evolution equations
presented in the previous section. As a first step of our
approach, we consider a simpler situation by neglecting
the terms containing 0. Such a neglecting of O terms is
justified for nongrafted homopolymer melts because
such a homopolymer chain is symmetric with respect
to an exchange between its two ends. Although such a
neglecting of G terms is no longer valid for a grafted
chain, we still use it because the most important part
of the present formalism is the anisotropic distribution
of the tangent vector described by the tensor A(s,r), and
the O terms are expected to be less important. We
further simplifies the model by assuming that the
velocity field v(r,t) is externally imposed rather than
to be determined using eqs 15 and 16. This assumption
highlights the effects of the coupling between the self-
consistent-field model and the viscoelastic properties.
The partial differential equations (3), (11), (12), and (14)
are solved numerically using the Crank—Nicholson
scheme.??

We have first checked that our model quantitatively
reproduces the results of the nonlinear viscoelastic
behavior of the reptation model for uniform polymer
melts,! for which the SCF part of calculations does not
play any role. We consider an instantaneous and
uniform step shear deformation

10 %
Y0=10 10 a7
001
at t = 0 and observe the subsequent stress relaxation.
Because of the homogeneous nature of the melt, the self-
consistent field V(r,t) is everywhere constant. In this
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Figure 1. Stress relaxation of a uniform polymer melt after
a step shear deformation is imposed at t = 0. From top to
bottom, the magnitude of the shear deformation y is 0.01, 0.1,
1.0, 5.0, 10.0, and 50.0, respectively.
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Figure 2. Comparison of the dumping function h(y) between
our model obtained from the data in Figure 1 and the results
of the reptation theory.

case, the dominant processes are the deformation of the
chain due to flow, thermal reptation, chain retraction,
and constraint release. Because there is no biased
reptation (VV(r,t) = 0), the change in the chain confor-
mation obtained via eq 3 does not affect the time
evolution of A(s,r) described by egs 9, 11, 12, and 14.
Therefore, we have only to solve egs 9, 11, 12, and 14
with the velocity gradient tensor k(r,t) = (V)T = yd(t).

Simulations are performed on a melt of a homopoly-
mer whose chain is composed of N identical segments.
We assume for simplicity that the entanglement points
distribute uniformly on the chain, i.e., a(s,r) = 1/N. The
total chain length is taken as N = 10.0 in units of the
tube diameter a. We set the other parameters as a =
1.0, keT = 1.0, ¢ = 1.0, and D; = kgT/Ng = 0.1. The
continuous segment index s and the time t are dis-
cretized using mesh width As = 0.1 and At = 0.001,
respectively.

Figure 1 shows the simulation results of the stress
relaxation for various values of the shear deformation
y on double logarithmic scales. While the stress relax-
ation is a single exponential for small y, it shows double
step relaxation for large y. The latter behavior is
characteristic of the nonlinear viscoelastic regime. Actu-
ally, the first rapid relaxation comes from the chain
retraction, and the second slow relaxation is due to the
thermal reptation and constraint release.

To evaluate our model quantitatively, we calculate the
dumping function h(y), which is defined as the amount
of the initial rapid decay of the stress. In Figure 2, we
compare the simulation data of h(y) with the theoretical
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Figure 3. Schematic picture of the simulation system com-
posed of two melt brushes.

results obtained with the reptation theory, the latter
being known to give good quantitative predictions of
linear polymer melts.! Our model quantitatively repro-
duces the results of the reptation theory, which means
that egs 9, 11, 12, and 14 correctly describe the
relaxation of strongly deformed chain conformations in
sheared uniform polymer melts. A small discrepancy
between our model and the reptation theory in Figure
2 originates from the fact that the constraint release
process is taken into account in the simulations while
it is neglected in the reptation theory, where the
constraint release process accelerates the stress relax-
ation.

Next, we examine the validity of our model for
inhomogeneous systems. As an example, we simulate a
system of two melt polymer brushes grafted on two
parallel solid plates that are separated by distance D.
A schematic picture of this system is shown in Figure
3. Although the segment density is everywhere constant
in this case, the self-consistent field V(r) is varying in
the x-direction because of the inhomogeneous stretching
of the chain due to the grafting. Therefore, the biased
reptation affects the dynamics of the chains. In this
example, the thermal reptation motion of the chain in
the tube is negligible (D = 0) because one end of the
chain is grafted to the surface. Therefore, the chain
stretched by the shear deformation relaxes due to the
chain retraction and the constraint release.?®

We prepare the equilibrium state of this system and
start imposing a steady shear with a shear rate «,y at t
=0, where x and y axes are perpendicular and parallel
to the plates that are placed at x = 0 and x = D. By
taking the gyration radius and the total chain length
as the units of the distance and the contour length, we
set D =0,a=1.0, keT = 1.0, ¢ = 1.0, N = 1.0, and «yy
= 1.0. The mesh widths Ax = Ay = 0.1, At = 0.000 001,
and As = 0.005 are used. In Figure 4, the temporal
evolutions of the shear stress at the solid surface are
shown for the cases with D = 0.5, 1.0, 2.0, and 4.0,
respectively. We observe, in each case, that the shear
stress reaches a maximum and decays monotonically.
The inset figures show the single chain conformations
(contour lines of the segment density) at t = 0.0 (left)
and t = 1.0 (right) for the case with D = 2.0, from which
one can confirm that the chain is strongly deformed.

In Figure 5, the time evolution of the segment density
profile of the brush grafted to the surface at x = 0 is
shown. The edge profile of the brush becomes steeper
when the shear is imposed. This is due to the reduction
of the overlapping between the two brushes in the
central region in order to reduce the unfavorable
entanglements.
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Figure 4. Temporal evolution of the shear stress at the
grafting surface of a two-brush system under shear «,, = 1.0.
From bottom to top, the distances between the two solid plates
are taken to be D = 0.5, 1.0, 2.0, and 4.0, respectively. The
inset figures are the contour line representations of the
segment density distributions of a single chain at t = 0.0 (left)
and t = 1.0 (right) for the case with D = 2.0.
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Figure 5. Time evolutions of the segment density profiles of
the brush grafted on the surface at x = 0 of the same
simulation as Figure 4 with D = 2.0 are shown for t = 0.0,
2.0, 5.0, 10.0, and 20.0, respectively.
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Figure 6. Distribution functions of the free end segments of
the chains grafted to the surface at x = 0 of the same
simulation as Figure 4 with D = 2.0 are shown for t = 0.0,
2.0, 5.0, 10.0, and 20.0, respectively.

One of the advantages of the self-consistent-field
theory is that it can give detailed information on the
chain conformation, such as the distribution of specific
segments. In Figure 6, we show the time evolution of
the distribution of the free end segments in the x
direction. In the initial equilibrium state, the free ends
distribute broadly between the two plates. When we
shear this system, however, the free ends are ac-
cumulated at the center of the two plates, i.e., at the
interface between the two brushes. This is due to the
segregation of the two brushes mentioned above.
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The simulation results we obtained above for the
brush system are qualitatively consistent with the
results of the recent Monte Carlo simulations using
molecular models.?#25> Neelov et al. conducted a Monte
Carlo simulation of many chains grafted to two plates
and observed the change in the segment density distri-
bution before and after the shear is imposed.2* They
observed that the same tendency as we observed in the
behavior of the distributions of the total segment and
the free end segments. A similar change in the segment
density is also reported by Saphiannikova et al. using
a hybrid model between the self-consistent-field theory
and the Brownian dynamics simulation technique.?®
Note that the usual static self-consistent-field theory
based on the local equilibrium assumption cannot
reproduce such a change in the brush density profile
because the deformations of a Gaussian chain in x and
y directions are independent, as is pointed out in ref 3.

4. Conclusions

As a conclusion, by combining the SCF and reptation
theories, we have proposed a unified molecular model
for inhomogeneous polymer systems. This model not
only provides a unique theoretical framework in model-
ing homopolymer, polymer mixtures, and copolymers
under strong flow conditions but also gives a systematic
way to specify the boundary conditions of polymeric fluid
flow at microscopic molecular level.

In this study, we treated the flow field v(r,t) as an
externally imposed one. However, it should be deter-
mined by solving full hydrodynamic governing equations
including egs 15 and 16. Such full flow simulations can
be done by applying fast Fourier transform?6 or other
numerical techniques?” in computational rheology. Com-
puter simulation of our unified model including full
hydrodynamic effect is underway and will be reported
in our future publications.
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